Vidyamandir Classes Integral Calculus - 2

Definite Integrals and Area

PART-A : DEFINITE INTEGRALS Section - 1

1.1

Introduction
Consider a function f (x) whose indefinite integral is F (x) + C.

ie. If(x)dx:F(x)+C

b
Also consider the integral I f (x) dx, which is known as a definite integral and x = a, x = b are called the
a

lower and upper limits of integration.
b
The relationship between the definite integral I f (x) dx and the indefinite integral F (x) is :

a

b
If(x)dx=F(b)—F(a)
a

This formula is known as Netwon-Leibnitz formula. This formula can used only if the function f (x) is
continuous at all points in the interval [a, b].

lllustrating the Concepts :

3 ) /2
Evaluate : (i) IX dx (i) I sin x dx
1 0

3

3 3
i x2 dx = X :1 ¥ 18 :ﬁ
Ol
" 311 3 3
n/2
ii sin xdx:—cosx“lz:—(0051:/2—c050):1.
(i) 0 .
0
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Integral Calculus - 2 Vidyamandir Classes
[llustration - 1 /2 5

Isin X cos x dx =
0
A 1 B : @ 1 D 1
@ ®) 2 ©) 3 (D) 1
SOLUTION : (D)
/2 K )
Let 1= ISiHBXCOSXdX For X—?t— and forx=0,t=0.
0
1 4 1
inx = = t 1
Let sinx=t = cos x dx =dt :>I=It3dt=— 1
410 4

Note : Whenever we use substitution in a definite integral, we have to change the limits corresponding
to the change in the variable of the integration.

In this example we have applied Newton-Leibnitz formula to calculate the definite integral. Newton-Leibnitz
formula is applicable here since sin®x cos x (integrand) is a continuous function in the interval [0, 7/2].

PROPERTIES OF DEFINITE INTEGRALS Section - 2

2.1 Basic Properties of Definite Integrals
PROPERTY - 1 :

b c b
[ £00dx=] £ (x) dx+ [ £(x) dx
a a C

Proof: Let F (x) be indefinite integral of f (x).
Using the Newton-Leibnitz formula,

b
[T o Fh)-F@ 0
a
c b

Also, jf(x) dx+jf(x) dx=[F (c)-F(@)]+[F(b)-F(c)]=F()-F(a) ...(i)
a C
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Vidyamandir Classes Integral Calculus - 2

From (i) and (ii), we get :

b c b
[fO9dx=]f (dx=[f (x)dx
a a Cc
PROPERTY - 2 :

b a
[fgdx=—]f()dx
a b

Proof : Let F (x) be indefinite integral of f (x).
Using the Newton—Leibnitz formula.

b a
j FOOd=F(®)-F@ Also, j f)dx=F@-F®)
a b
From (i) and (ii), we get :
b a
[ £ o) dx==[f (x)dx Hence proved.
a b
PROPERTY - 3 :
b b
[ o) dx=[f(t)dt
a a
Proof: Let F (x) be indefinite integral of f (x).
Using the Newton-Leibnitz formula,
b b
[T dt=F(b)-F(a) ) Ao, | f()dt=F(0)-F(a) (i)
a a
b b
From (i) and (ii), we get : I f(x)dx = I f(t)dt Hence proved.
a a
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Integral Calculus - 2 Vidyamandir Classes
lllustration - 2 A

[Ix10¢ =
1
p 2 B) 2 o 2 D) 3
@ 3 (B) © 3 (D)
SOLUTION : (C)
2 0 2 ) 0 ) 2
[ Ixldx= [1x[dx+ [ [x]dx RS S
-1 -1 0 211 121

[using property-1]
1 4 5
:I—xdx+jxdx 2 2 2
-1 0
[as|x|==xforx<O0and|x|=xforx>0]

[llustration - 3 3

Hx2—4‘dx=
—4
N L B) =
™ 3 B) 3
SOLUTION : (B)

©) (D)

w| Xy
w| Y

3 -2 +2 3
[1x2—ajdx = [|x*=4|dx+ [ |x*—4]dx+][|x* 4| dx
-4 -4 -2 2

-2 2 3
= [ (- aydx+ [ (4-x*) dx+ [ (x* - 4) dx

—4 -2 2

[as|x?—4|=4-x%in[-2, 2] and X* — 4 in other intervals]
2

+
-2

3
X3

4X ——
3

3

——4x
3

2

(oo o- o 2 22
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Vidyamandir Classes Integral Calculus - 2

2.2 Properties of Definite Integrals : (contd...)
PROPERTY - 4 :

a a
[ £ (9dx=[ f(a—x) dx
0 0

Proof:

a

= I f (x) dx substitute x=a-t and dx=-dt
For x=a,t=0 and for x=0,t=a

a
= | =If (@a-t) (—dt)=jf (a-t)dt [using property - 2]
a 0

We can replace by x using property - 3.

- | =If (a—x) dx Hence proved.

Illustration - 4 -
lllustration - 4 4 nfz L
0 ,/sinx+«/cosx

& ® 3 © = ©) 2x
SOLUTION : (A)
| nf Sin x " _ Adding (i) and (ii), we get
Let: Oerm - () M2 sy

I sm J‘
\/S|nx+ COS X \/Sin X 4++/C0s X

Using property - 4, we have :

nJ{Z \/m dx N _[ JJsin x ++/cos x dx
\Jsin (n/2—x) +/cos (n/2~-x) Jsin x ++/cos x

/2 T
Jeos x 2l = | dx=— | =
I dx L) J 2 =

0 COSX ++/sin X
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Integral Calculus - 2 Vidyamandir Classes
[llustration - 5

a
If f (a—x) =f(x), then Ixf(X)dX=
0

a aa al? aa/2
@) af f(x)dx ) EI f (x)dx © a [ f(0dx (D) EI f (x)dx
0 0 0 0

SOLUTION : (B)

a a
— Iaf (x)dx — I xf (x)dx

a
Let] = gxf(x)dx 5 5

a
a
= | :I(a—x)f(a—x) dx [using property - 4] = | —agf(x) dx -1
0

a
= 1=[(a-xf)dx [usingf () =F(a-x]
0

a
= 2l :ajf(x)dx
0

a
= 1=2[f(x)dx=RHS
20

2.3 Properties of Definite Integrals : (contd......)

PROPERTY - 5:
2a a a
[ 100 dx= f(x)dx+ [ f(2a-x)dx
0 0 0
Proof:
2a a 2a
Let |= I f (x) dx = I = I f (x)dx + I f (x) dx [using property—1]
0 0 a
Now in the second integral, put x = 2a—t
= dx=-dt
Forx=2a,t=0andforx=a,t=a
a 0 a a
= |= j f (x) dx+ j fa—t)(-dt) = 1= j f (x)dx + j f(2a—t)dt [using property—2]
0 a 0 0
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Integral Calculus - 2

a a
Replace t by x using property - 3, we get : | :If(x) dx+jf(2a—x) dx Hence proved
0 0
PROPERTY - 6 :
2a 2a a
[feodk=0 (2a-x) = —f(x) [ T00dx =2[ f(x)dxif f(2a-x)=f(x)
0 0 0
Proof: Consider Property-5i.e.
2a a a
[ £ 00 dx=]f(0dx+]f(2a-x)dx ()
0 0 0
2a a a

Iff (2a—x) =—f (x), then (i) is reduced to : I f(x) dx=jf(x) dx—jf(x) dx=0

0
Iff (2a—x) =1 (x), then (i) is reduced to :

0

0

2a a a a
[ Fogdx=[f()de+[f(x)dx=2[f(x)dx  Henceproved.
0 0 0 0
[llustration - 6 T
[yt
01+COS X
2 2 2 2
T Y4 Y T
£ B) — c) — D) —
A) > (B) 2 ©) N (D) A
SOLUTION : (C)
Tc - - ™
Let | =I X — d () Adding (i) and (i), we get :
01+COS X T

N |_IT‘—X)dx [using property - 4]
1+cos (t—X)

(i)

= 21 =]

Sl ferey

1
2

1+COS X

1+COS X

dx

n/2 dx

l+ COS2 X

[using property — 6]
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Vidyamandir Classes

Divide N"and D" by cos’x to get : Forx=m/2,t— o and forx=0,t=0
/2 2 )
= l=n Sezc—xdx :>I:n_[ dt
o Sec” x+1 02+t2
Puttanx=t = sec’x dx = dt o )
— 11 T M T
[sec? x = 1 + tan? x] = 1=~ tan | =" F_T
J2 V2lg N2 2 242
[llustration - 7 =P}
I log sinx dx =
0
T T
A) E|og(2) (B) —Elog(Z) zlog (2) (D)  -xlog (2)
SOLUTION : (B)
/2 /2
Let | = I logsin x dx (D) Let I, = I log sin 2x dx
0 0
Put t=2x = dt = 2dx
/2 -
= 1= |1 in|l —— using property - 4
g ogsm(z XJdX[ gproperty-4] For X=g,t=n and for x=0,t=0
/2 1" ) /2
= I = I log cos x dx .. (i) = Ilz—jlogsintdt:— I logsint dt
2 2
0 0 0
Adding (1) and (i) we get : /2
2 m2 o = Iy= [ logsinxdx  [using property-3]
21 = I log (sin xcos x) dx = _[ log 5 dx 0
0 0
= |1=|
/2 /2 PR
Substituting in (iii) we get :
= 2l = _[ log sin 2x dx — I log 2 dx gin(il) weg
0 0 2l =1-mn/2log 2
- = | =-mn/2log 2
T R . I
— 2l = .[ logsin 2x dx—EIog 5 (i) [learn '[-hIS result so that you can directly apply it in
5 2 other difficult problem]

:
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Vidyamandir Classes Integral Calculus - 2

UIEEERERY Which of the following statements is(are) true ?

wl2 wl2 wl2 wl4
(A) I f(sin2x)sinxdx:j f (sin 2x) cos x dx (B) I f(sin2x)sinxdx:j f (sin 2x) cos x dx
0 0 0 0
wl2 wl4 wl2 wl4
©) I f(sin2x)sinxdx=j f (cos 2x) cos x dx (D) I f (sin 2x)sin xdx = </2 I f (cos 2x) cos x dx
0 0 0 0
SOLUTION : (AD)
/2 n/4 nl4
Let | = _[ f (sin2x)sin xdx () = I f(sin2x)sin x dx+ I f (sin2x) cos x dx
0 0 0
/2 nld
= | = I f[sin2 (n/2-x)]sin (n/2-x) dx = _[ f (sin 2x) (sin x + cos x) dx
0 0
[using property - 4] nld
)2 = [ f[sin2(n/4-x)]
= | = I f [sin (m—2x)] cos x dx 0
0 [sin(za/4—Xx)+cos(x / 4—x)dx
/2 [using property - 6]
= 1= [ f(sin2x)cos xdx .. (ii)
0 /4
/2 = I f (cos 2x)
I = I f (sin2x)sin xdx 0
° [ L COS X 1 sin X+ 1 COS X+ 1 sinx}dx
/4 nl4 Nz Y Iy Nz
2 2 2 2
= I f (sin2x) sin x dx+ j f [sin2(n/2-x)] V2 V2 V2 V2
0 0 nld
sin (n/2-x).dx [using property - 5] =\/§I f (cos 2x) cos x dx
0

2.4 Properties of Definite Integrals : (contd ......)

PROPERTY 7 :
b b
[ f()dx =] f(a+b-x)dx
a a
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Integral Calculus - 2

Proof:

b
Let | = [ f (a+b—x)dx

Vidyamandir Classes

a
Put a+b-x=t - dx = —dt whenx=a,t=Db and Whenx=Db,t=a
a b
= I = ,[ F(0) (=dt) = ,[ f(r)dt [using property — 2]
b a
b
= ' =,[ F(x) dx Hence proved.
a
PPOPERTY - 8 :
a a
[ £09dx=[[f(x)+ f (-x)]dx
—a 0
a
= 2] f (x)dx if f(x) iseven ie. f(=x)=f(x)
0
=0 i f(x)isodd  ie.  f(=x)=—f(x)
Proof :
Consider property—1, i.e.
a 0 a
[ £09dx= [ f(dx+ [ f(x)dx ()
—a —a 0
0
Consider | = I f (x) dx
—-a
Put x=-t = dx = —dt. When x=-a,t=a and When x=0, t=0.
0 a a
= ' =If(‘t) (‘dt)=,[f(‘t)dt =,[ F=9dx i [using properties —2 and 3]
a 0 0
Combining (i) and (ii), we get :
a a
[ £00dx=[[f(x)+ f (-x)]dx
—a 0

o CEETI
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Vidyamandir Classes Integral Calculus -

a a a
If f(x) isevenfunction, then f(—x)=f(x) = [ f()dx=[[f(x)+f)ldx=2] f(x)dx
-a 0 0
a a
= | f00dx=[[f(x) - f()ldx=0 Hence proved.
-a 0
PROPERTY - 9 :
nT T
I f(x)dx = nJ' f(x)dx where f(x)isa periodic function with period T and n is an integer.
0 0
nT
Let | = | FO)dx
0
T 2T (r+)T nT
= [ 109dx+ [ FOYdx+..+ [ FO)dx+.r [ F(x)dx
0 T rm (n-1)T
Consider any one of the integrals of RHS.
In general, let us take
(r+)T
= [ () (where 0<r <n-1)
T
Put x=rT +y = dx =dy
For x=rT,y=0 and for x=(x+1)T, y=T.
T T T
= [ F(T+y)dy = f(y)dy = [ f(x)dx
0 0 0

T
Hence all integrals in RHS are equal to ,[ f (x)dx.
0

T T
= 1=[f(9dx+ [ f()dx+......+ntimes
0 0
T
= I = nj F(x)dx Hence proved.
0
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Integral Calculus - 2 Vidyamandir Classes
[llustration - 9

7 X Sin (2x) sin (g cos xj dx

2X—
0 T

2 4 8 8
W ® © = © -

SOLUTION : (C)

7 X sin (2x) sin (gcos xj dx

T
2l = Isin 2xsin Bcos x} dx
0

Let | = S
o j 2X—T (0
0
T T .
Apply property - 4 to get Let ECOSX=t = —Esmxdx=dt
=
/2 8 /2
. (n—x)sin(2n—2x)sin(ncos(n—x)jdx = l=— [ tsintdt=— [ tsintdt
|=I + 2 T /2 T 0
0 2(r=x)-m g [ 72 nl2
= |=—2tjsintdt+ j cost dt
- (n—x)sin2xsin(gcosxjdx TLo 0
=|- .. (ii - _
g 2X—7 (i = |=:—2_—|tcost|g/2+(smt)8/2}
Add (i) and (ii) to get 8 8
T T

Illustration - 10 3

If [x5-x dx=%(3¢§—2ﬁ)—§(9\/§—k), then k =
2

® 22 B) 42 S O ek
. 3
SOLUTION : (B) S 1= [(5- X)X
3
Let | =.|'x\/5—x dx g 3
2 = I=.|.5\/§dX—.[X\/;dX
= 1=J@rs- 0 Em@rE R o [ R
2 —~ =5 %x\/? 2 —%‘xzﬁ‘z

[using property — 7 ]
= =%(3\/§—2\/§)—§(9\/§—4J§)
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Vidyamandir Classes Integral Calculus - 2

Illustration - 11 ? £ (%)

af(x)+f(a+b—x)

n &P ® azb © L ®) b-a

SOLUTION : (C)

b
f(x) ;
Let | :£ (007 farbx dx (D) Adding (i) and (ii), we get
b
X _f)+f@a+b-x
- |=I f(a+b-x) If(x)+f(a+b—x)dx
* fa+b—x)+ fla+b—(a+b—x)]dx a
b-a
- I:ji f(a+b-x) . (i) = ZIZIdXZb_a = IzT
a

f(a+b—-x)+ f(X)

Illustration - 12 g}
j 0g ( jsm xdx =

A 0 (B) log 2 < 1 (D)  2log2
SOLUTION : (A)
Let f (X)= Iog( stm x dx Iog( jSmZ x=—f(X)
2+ X
( j = f(x) isan odd function.
= f(-x)=log sin? (=x)

Jsm dx=0

< Jon[ 2

. f(_x>:.og[[ 1] ] x
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Vidyamandir Classes

Illustration - 13

The value of I

2
“p l+cos” x
A x? (B)  2x2 ©
SOLUTION : (A)
T «
2X (1+sinx) T i
|:I > dx - 2_[ 2x5|n2x dx
- 1+cos® x 0 1+ c0s* X

a a
{using: j f (x)dx = j [f(x)+ f(—x)]dx]

T -
2X (1+sinx) dx

4r? D) 0

/2

. _[ sin x dx

1+COS X

2a a a
{using: | f(x)dx:jf(x)dx+jf(2a—x)dx]
0

—-a 0
0 0
- |_4I Xsin x Put cosx =t =  —sinxdx=dt
1+C05 X Forx=0,t=1 and forx=n/2,t=0
TSin X 1
= 2l=4|——dx
I1+cos X = |—4ch —41ctan_1t —an o2
1+t 4
a 0
{using:jf(x)dx:jf(a—x)dx]
0 0
[llustration - 14
13 x4 1 2X b TE \/5 1
If I 7 €S X =——= . 4 \/_ +k, then k =
VNG 1-x 1+x 3+1
2 2 2 2
T T T T
A) — B — @ — D —
(A) 5 (B) 3 © 1 (D) >
SOLUTION : (C)
U3 4 =
1 2
| = X 7 COs ! X2 dx . 1.3 A INE N 2%
3 17X 1+x == I 7 Ox— 45in_1 5 dx
2 13 1% 13 1 X 1+x
U3 4 - -
= X {E_ sint 2x }dx As integrand of second integral is an odd function, inte-
3 1—x4 1+ x2 gral willbe zero i.e.

[using : sintx + cos™*x = n/2]

v CEET

U3 4

X

T
1=Z

[using property - 8]
2 a3 17X

2 dx -0
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UN3 4 143
2n X 1+1dx:_n f (“ 1 de

4 4
20x—1 x* -1

0

143 2
— I=—_1t+(—1t) X

J3 2

143 143
T I - | L ox
J3 2 5 x2 -1 5 X2 +1

+1—(x2 -1) dx
o (¥ +1) (x2-1)

_omor L _(X_—lJ
Y3 2|2 97 1

Integral Calculus - 2

0

2 f—
m T m Y3l

=——+ _—
J3 12 4 gJ§+1

[llustration - 15 gps
I J1-sin2x dx =
0

A 0 (B)
SOLUTION : (D)
/2

Let | = I J1-sin2x dx
0

242 -1 ©)

/2

= 1= j \/(sinx—cosx)2 dx
0
/2

= | = I | sin x—cos x |dx

J2-1 (D) 242-2
/4 /2
| = j | sin x—cos x |dx + I | sin x—cos x |dx
0 /4
/4 /2
I = I (cosx —sinx) dx + j (sin x —cos x) dx
0 /4
I:|sinx+cosx|g/4+|—cosx—sinx|zﬁ
1 1 1 1
=) 1| () -
(ﬁ 7 J = (ﬁ ﬁj

| =2v2-2.

I )

NIPEETR BT Given a function such that :

() itisintegrable over every interval on the real line.

a+t

(i) f(t+x)="f(x) for every x and a real t, then the integral I f (x) dx is independent on :

(A) aonly (B)  tonly ©

Both a and t

a

(D) Neither of aand t
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Integral Calculus - 2

SOLUTION : (B)
a+t
Let 1= [ f(x)dx
a
a+t

t
=jf(x)dx+ j f (X) dx )
a t

a+t
Consider I, = [ (x) dx
t

Vidyamandir Classes

a

= Iy =] f(y)dy
0
a

= 1= [ f(x)dx
0

On substituting the value of I (i), we get :
t

L= [ f(x) dx+ 1y

a

[using f (x+ T) =f (x)]

[using property 3]

Putx=y+t =  dx=dy t a
Forx=a+ t,y=a and Forx=t,y=0. = | =If (x)dx+jf (x) dx
a . °
= ly=[f(y+t)dy = 1= (x) dx [using property-1]
0
0
= lisindependent of a.
[llustration - 17 nm+v

If I | sinx|dx =k —cosv, where nis a +ve integer and 0 <v < x, then k =

0
A n B) n+1 ©
SOLUTION : (D)
Let
nm+Vv nm nm+v
I = I |sin x| dx = I|sinx|dx+ j | sin x| dx
0 0 nm
[using property - 1]
= I=1+1, ()
Consider | :
nm Y
I = I |sin x| dx=nj|sinx|dx
0 0

[using property - 9 and period of |sin x| is «t]

T
= Ilznjsin X dx
0
[Assinx>0in [0, «r], | sinx | =sin X]

= lp=-n|cosx|;=-n[-1-1]=2n

O secton2

(D) 2n+1
nw+Vv
Consider |, l,= J. |sin x| dx
nm
Pux=nt+6 = dx =do

Whenxisnrt, 6=0andwhenx=nn+v,0=+vV.
\' \'

= lp=[[sin (nm+0)|dO= |sin6|do
0 0

[as period of | sinx | =t ]

\' \'
= 15 =[|sin0]dO=[sin0 do

0 0
[as for 0 <0 <=, sin O is positive]

=—|cos 6]y =1-cosv
On substituting the values of I and L, in (i), we get
I=2n+(1-cosv)=2n+1-cosv.
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Illustration - 18

TT
It is known that f (x) is an odd function in the interval [75} and has a period equal to

X
T. I f (t) dtis also periodic function with the period =

a
(A) % B) T © 2T (D)  None of these
SOLUTION : (B)

Itisgiventhat: f(-x)=—-f(x) ...(i) X T/2
and f(x+T)=f(x) .. (ii) = g(x+T)=[f®dt+ [ f(t)dt

X a X
Let g(x)=[f(®)dt. X

a « [ fy+T)dy

-T/2
X+T

= g(x+T)= I f(t) dt Using (ii), we get

a X T/2 X

x T/2 X+ T g(x+T)=[f@dt+ [ f®dt+ [ f(y)dy
=[f®dt+ [ f®dt+ [ f)at a X -T/2
a X T/2 X T/2
[using properly - 1] g(x+T):_[f(t)dt+ _[ f(t)dt
Put t =y + T in the third integral on RHS. a -T/2
= dt=dy [using properly - 1]
when t=T/2,y=-T/2and whent=x+T, X
y=x . g(x+T)=[f()dt
a

[using properly - 8]
= g(x+T=g()
= g (x) isalso a periodic function with period T.

Illustration - 19 1

A positive integer n <5 such that : Iex(x—l)”dx =16-6e is:

0
) 2 ®) 3 © 4 ©) 5
SOLUTION : (B)
1 1 1
Let 1= [€*(x-1)"dx In = D" feax] ~Je*n (x-1)" " ox
0 0

[using integration by parts]
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Integral Calculus - 2 Vidyamandir Classes

= In:0—(—1)”—n}ex(x—1)”_1dx = lp=1-lp=1-(e-1)=2-e [using (1)]
0 = l,=-1-2l;=-1-2(2—-€)=—-5+2¢
= In=—(D"-nly_4 () = 13=1-31, =1-3(~5+2¢) =16 —6e
1 1
Also 1o = [e*(x+1)%dx=e-1 — Henceforn=3 | € (x-)™dx=16—6e
0 0

2.5.  Properties of Definite Integrals : (contd....)
PROPERTY - 10 :

[e'e} n a a
If(X)dX=nlim [ 00 dx : [ fo0dc= tim [ f(x)dx
0 _)OOO o n—>—oon
0 0 o 0 b
[ foode= [ fo)dx+[Fgdx_ lim _[f(x)dx+blim jf(x)dx
. e 0 a—>-oy =0y

The integral j f (x) dx converges if both of the above integrals converges.

—00

PROPERTY - 11 :

b
[ 100 dx
a

b
<[]f09]dx,
a

PROPERTY - 12 :
If the function f (x) and g (x) are defined on [a, b] and differentiable at all points

9(x)
xe[a,b], then di I h@)dt [=h[g()]g"(x)-h[f(X)]f'(x)
“Lre
PROPERTY - 13 :
b b
f f()>g() forall xcfab], then | TOOdx=[g(x)dx
a a
Put g (x) =0for all x € [a, b] in above property to get another useful property; i.e.
b
If f(x)=0 forall x c[ab], then | f(dx=0
a
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[llustration - 20 3

If f(x)= jidt t>0, then f'(x)=
, logt

X° =X X —X c X7 — X
log x © log x

(A) (D) None of these
SOLUTION : (B)

Using the property - 12,

1 d .3
f'(x)= — () -——— ( %)
log (x%) dx Ig x? dx
2 2
)= 3X 2X X" -X

3Iogx 2Iogx log x

Dl = 21 The total number of points of local minimum and local maximum of the function

X2 t2 _5t+4
Fox) = [ 2N gt
) E[ 2+et ®
A) 2 B) 3 (C) 4 (D) 5

SOLUTION : (D)
2

f ~5t+4 I(t D(t-4)

0 2+ ! 2 +¢l
For the points of Extremes,
2
d_g o |(-D (X -4) (2X) =0 [using property-12]

dx 2+e

= x=0 or x*-5x2+4=0

= x=0 or x-1)(x+1)(x-2)(x+2)=0

= X=0, x=xlandx=%2

With the help of first derivative test, check your selfthat x =—2, 0, 2 are points of local minimum and
X =-1, 1 are points of local maximum.
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IMPORTANT RESULTS Section - 3

3.1

3.2

Definite Integral as a limit of a Sum
We can express definite integral as a limit of the sum ofa certain number of terms. Let f (x) be a continuous
function in the interval [a, b]. Divide a-b interval into n equal parts such that width of each part is h.
= nh=b-a.
The definite integral of a function f (x) in the interval [a, b] can be defined as :
b
j f(x)dx= lim h[f(a+h)+f(a+2h)+.....+ f (a+nh)] wherenh=b-a.
n— oo

a h—0

n
= lim h f (a+rh
n— o le ( ) where nh=b -a.
h—0

With the help of this formula, we can evaluate some simple definite Integrals. The process of finding definite
integrals with the use of above formula is known as definite Integral as a limit of a sum or definite
Integral by first principle.

Summation of Series with help of definite integrals
Consider the “limit of a sum” formula defined in the previous section ie.

jf(x)dx_ lim hz f (a+rh)

n—o where nh=b —a. ()
h—0
Puta=0andb=1, = nh=1 = h=1/n.

Puta=0andb=1andh=1/nin(i)to get:

1
jf(x)dx_ lim —Zf(j (i)
0

n—oo N r=1
With the help of formula - 2, we can evaluate the sum to infinite terms of certain series.

Working Rule :
First of all express the given series in the form

= Z f ( j and then replace the integral sign I for Z and — byx

. r
The lower and upper limit of integration are the values of n“_r)"oo (ﬁj for the least and the greatest values

of r respectively.
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3.3 Estimation of a Definite Integral
Iff (x) is a function defined in the interval [a, b] then :
b
m(b-a) < [ f(x)dx<M(b-a)
a
where mis the least and M is the greatest value of the function f (x) in the interval [a, b].

3.4 Mean value theorem of definite Integrals
If the function f (x) is continuous in the interval [a, b], then :

b
If(x)dx:f(c)(b—a), wherea<c<bh.
a

3.5 Two useful Formulae
1. Ifnbeapositive integer, then :

/2 /2
Isin”xdx= I cos"x dx
0 0
~n-1n-3 n-5 31lmn henni
e Sy R 122 when n is even
~n-1n-3 n-5 igl h is odd
n .n—2.n—4 ..... 53, whenniso
/2 /2
2 jsinmxcos”xdx= jsin”xcosm dx
0 0
~(m-1).(m-3)........ (@or2)(n-1).(n=3).......... @or2) m
(m+n).(M+n=2)......... (Lor 2) 2’
when both mand n ¢ eveninteger
~(m-1).(m-3)........ (Qor2)(n-1).(n=3).......... (lor2)
(m+n).(M+n=2)......... (Lor 2) ’
otherwise

Self Study Course for IITIEE with Online Support 21



Integral Calculus - 2 Vidyamandir Classes

llustrating the Concepts :

b
Evaluate : .[Xz dx using limit of a sum formula.
a
° 2
Let | =[x°dx= lim h[(@a+h)*+(a+2h)" +........... +(a+nh)?]
n— oo
a h—s0
2 3
i [nha2+2ah n(n+y) b n(n+1)(2n+1)}
n— o 6
h—0

Usingnh=b-—a, weget:

1 1
R ]
n— oo n
2
= I=a2<b—a)+a(b—a)2+—(b;a) @
2 2
> I=(b—a)[a2+ab_az+M]
3 .3
3 3

Illustration - 22 [ 1 1 1
+ +

. 1.
Thesum S = lim +o. +—} is equal to :
n+l n+2 n+3n 2n

n— o
log 2 log 3
() log2 (B) log3 © O
SOLUTION : (A)
] 1 1 1 1
) 1 1 1 1 = S=Ilim = + +..... +
= S= lim + + +ot— noownN|1+1/n 1+2/n 1+n/n
ns>wo|N+1l n+2 n+3 n+n
1
17 1 1 n I R L 1 1
S=Ilim =| —+ —+ ...+ — =S=lim = = S=|—dx
= n—>oon[n+1 n+2 Zn} n—>oonL211+r/n] 01+x

= S=|Iog(l+x)|tzlog2.

22 Self Study Course for IITIEE with Online Support



Vidyamandir Classes Integral Calculus - 2

Illustration - 23

1 1 1
o lIm | —+ —+——+.......... +— i :
The sum of the series : n_m(n n+l  n+2 6n)lsequalto.
/n5 /n 6
(A) #nb5 (B) /n 6 © > (D) Tl
SOLUTION : (B)
. 1 1 1 1 For the definite integral,
Let S= lim | —+——+ Foernn, +—
nswolN N+l n+2 6n

r .1
imit =q= lim (—j: lim ==0
Take 1/n common fromthe series i.e. Lower limit =a n—

oo\ N n—oowl

s—|im1[1+ L } - tim [ £ )= tim 2"=5
nsenl141/n 1x2/n 1+5n/n Upper limit=b=1IM | Tj= M ===
5n 5n
I [11¢] l 1 1

Therefore, S + lim Z S
n—ow Ol+(r/n)

n»>won Tol+r/n

> dx
I—:|n|1+x|gzln 6-In1=In6
O1+x

NVSLEN O E2ZZY Which of the following is true ?

1 2 2 1 X2
(A) Iex dx <1 (B) Iex dx >e (C) 1< Ie dx<e (D)  None of these
0 0

SOLUTION : (C)

Using the result given in Section 3.3, — f(x) isan increasing function in the interval

1 [0,1]
2
m(1-0) < [eX dx<M (1-0) 0 = m=f@0)=1 and M=f(l)=el=e
0 Substituting the values of mand M in (i), we get

et f(x)= .x° 1,
®=e (1_0)<jex dx<M (1-0)
) <
= f'x=2x" =0 = x=0. 0
Apply first derivative test to check that there exists

1 5
1<Iex dx<e
a local minimumat x=0. = 15 S
0
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llustrating the Concepts :

27
(i)  Consider the integral : | = IL Making the substitution tanx/2 = t, we have :
9 5—2cosx
T dx =.(f 2dt 0
5-2cos x _t2
0 0+t?)5-2 171
1+t

This result is obviously wrong since the integrand is positive and consequently the integral of
this function can not be equal to zero. Find the mistake in this evaluation.

X X .
The mistake lies in the substitution tan E = t. Since the function tan E is discontinuous at x =

7, a point in the interval (0, 27t), we can not use this substitution for the changing the variable
of integration.

(i) Find the mistake in the following evaluation of the integral.

T

I dx =T dx _T sec’xdx 1 [tan_l(\/étanx)} o

T
O1+25in2x 0c052x+35in2x 01+3tan2x «/5 0

The Newton-Leibnitz formula for evaluating the definite integrals is not applicable here since

the anti-derivative, F (x) = %tan ~1(/3tan x) has a discontinuity at the point x = 7/2 which

lies in the interval [0, «t].

.1 -
LHL = lim itan_lx/é = lim —tan 1(\/§coth)

T
tan| ——h
atx=mn/2 h—>0\/§ { (2 ﬂ h—>0\/§

lim itan_l(—> oo)—i i
~0+3 23 - (D)
. 1 -1 i . 1 1
RHL = lim ——tan"*|tan| —+h || = lim —=tan~(-+/3cot h
atx=n/2 h—0+/3 { (2 H h—0+/3 ( )
. 1 1 i
= |lim —=tan"" (> —®)=- — .
R N - i

From (i) and (ii), LHL » RHL at x =m/2
= Anti-derivative, F (x) is discontinuous at x = 7t/2.
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IN-CHAPTER EXERCISE-A

log3 ¢
1. Evaluate I dx.
1+e*
log 2
2 2
Xx= ;0<x<1
2. Given the function : f (x) = . Evaluate _[f(x)dx.
\/§ 1<x<2 0
2
3. Evaluate the integral | =I|X—1|dX.
0
/2 \/_ I T
cot x . T .
. dx xf (sinx) dx=—| f(sinx) dx
4, Evaluate : J(; m_h/ﬁ 5. Show that J(; 2,(!
/2 . ) 2
- I xsinxcosx , h thtI X dx =T
6. FEvaluate: o cos*x+sin’x ' OWIat 2 a%cos?x+bsin?x  2ab
b 1
8. Prove that jf(x)dx=(b—a)jf[(b—a)x+a]dx.
a 0
-5 ) 2/3
9. Compute the sum of the two integrals : Ie(”s) dx+3j ed(=213)2¢y
-4 13
_ V2 o7 4 3x8 ~10x5 - 7x3 ~12x% + x+1
10.  Evaluate : I dx.
—\/E X2 +2
/2 g /2 9 . /2 9
11.  Evaluate: (i) Ism X dx (ii) Ism X cos’ x dx (iii) Icos xdx
0 0 0
3 b b
12.  Showthat : 4sj'\/3+ x> dx < 24/30 . 13.  Evaluate: Iexdx;jsin x dx using limit of a sum.
1 a a
2 dx
14.  Evaluate : j 41 52 directly as well as by the substitution x = 1/t. If answers do not tally, then explain
-2

why?
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PART-B : AREA Section - 4

4.1 Curve tracing
In order to find the area bounded by several curves, sometimes it is necessary to have an idea of the rough
sketches of these curves. To find the approximate shape of a curve represented by the cartesian equation,
the following steps are very useful.

1. Symmetry
(@ If curve remains unaltered on replacing x by — X, then it is symmetrical about y-axis.
(b) If curve remains unaltered on replacing y by—y, then it is symmetrical about x-axis.
2. Intersection with axes

(@ To find points of intersection of the curve with x-axis, replace y = 0 in the equation of the
curve and get corresponding values of x.

(b) To find points of intersection of the curve with y-axis, replace x = 0 in the equation of the
curve and get corresponding values ofy.

3. The regions where curves does not exist
(@ Find those values of x for which corresponding values of y do not exist.
(b) Find intervals where f (x) is positive.

4. Asymptotes
(@ Observe where y approaches as x approaches + o .
(b) If necessary, observe where x approaches as y approaches + « .

5. Find points of local maximum and local minimum
Put f'(x) =0 and find points of local maximum and minimum.

4.2 Important Results
1. Iff(x)>0forall x ¢ [a, b], then Area bounded by the M
curvey =f (x), X-axis and the linesx=aand x=b is
given by

b
A= [ F(x)dx
a

Note : The whole of the curve in the internal [a, b] lies above X-axis.

2. Iff(x)<0forallx ¢ [a, b], then Area bounded by a curve o)
y = f (x). X-axis and the lines x =aand x = b is given by :

b
[ 100 dx

a
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3. If the curve crosses X-axis one or more times in [a, b], Y
then the area bounded by the curve y =f (x), X-axis ,
and the lines x =a and x = b is calculated by consider- \A y=f(x)
ing the portions of the graph lying above X-axis and : .
below X-axis separately. To calculate the area of the ol & X, %3 :b =X
regions lying above X-axis, use result-1 and for the W %
regions lying below X-axis, use result-2. ' ’

Inthe figure, the curve crosses X-axis at X =X, X,, X..
Shaded area is given as follows :

X1 X2 X3 b
A= [ FOgdx+| [ FO)dx|+ [ F(x)dx+| [ F(x)dx
a X1 X2 X3
4. Area bounded by two curves, y =f (x) and y = g (x), from above and below is given by :

b
shaded area = I[ f(x)—g()]dx
a

y=f(x) y=1(x)

:
:
)
:
i
a

<
11
«

)
X

N—r

O
g) ————-— - - = = -
o b= N

y=9g(x)

Note : The area is bounded from above by y = f (x) and from below by y = g (x).
The shaded area may be above or below X-axis.

MIESHE IR The area bounded by the curve y = x2 — 5x + 6, X-axis and the linesx = 1 and 4 is :

9 10 11
(A) 5 (B) I © " (D) None of these
SOLUTION : (C)
Fory=0,wegetx*+5x+6=0 2 3 4
o x=23 BoundedArea:jydx+ jydx +[ydx
Hence the curve crosses X-axis at X = 2, 3 in the 1 2 3
interval [1, 4].

Self Study Course for IITIEE with Online Support 27



Integral Calculus - 2 Vidyamandir Classes

3 .3 2 12
A1:2 -1 —5[2 21 J+6(2—1)=%

3 53 2 52
p, =322 —5[3 22 J+6(3—2)=—%

3 3 2 2
e P Y
2 6
2

5 11 _
= A=—+—— t6 =6 SO units.

1 6

8 16 32
A3 B) = © = (D) None of these
3 3 B
SOLUTION : (B)
Trace the curvey = 4 - x " Using step 1 to 3, we can draw the rough sketch of
1. Puty=0inthe givencurveto get x =4 asthe 3
point of intersecton with X-axis. Y= JA-x
Put x = 0 in the given curve to get y = 2 as the Infigure, .
point of intersection with Y-axis. Bounded area =
J4—x 4 4
2. Forthecurve,y=J4-x,4-x>0 ) 16
= x<4 £v4_XdX:‘?(4—X)V4—X Ozgsq.units.

= curve liesonly to the left of x =4 line.
3. Asanyy is positive, curve is above X-axis.

2%
> X
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IEEEEEEAE The area bounded by the curves y = x2 and x2 + y2 = 2 above X-axis is :

Ay S E g 2.Z & E.L S SaZ
) 6 4 ®) 3 2 © 4 6 (©) 3 2

SOLUTION : (D)
Let us first find the points of intersection of curves.

1 1
Solving y = x2and x2 + y? = 2 simultaneously, _ 2I\/2 —x2 dx— 2_[ x2 dx
we get : 0 0
X2+ xt=2 1
= (1) (¢+2)=0 o X224 Zgint X _z(lj
- x=1ad X =-2 [reject] 2 2 V2|, \3
= x=z%1
1 2 1
= A=(-1,0) and B=(1,1) =2(E+EJ—§ =§+g Sg. units.
+1
Shaded Area = j(\/Z—xz —x2) dx YA
-1
A B

1 1
=T[\/2X—x2 dx—ff x2 dx
] 1

NIVEEEUleli A The area bounded by y = x2 -4 and x +y = 2/is

o B8 o 100 o 15 o 180
@ 5 B) © 5 (I
SOLUTION : (C)
After drawing the figure, let us find the points of in- 512 3 2
tersection of I IV I A
y=x2-4 and x+y=2. 2 -3 3 -3
2 _ A= 2 —-b6=
= X+xX-4=2 = X*+Xx-6=0 1 1 125
= (x+3)(x-2)=0 =2><5—§(4—9)—§(8+27)+4(5)=T
= X=-3,2 v
= (- = V= y
= A=(-3 5)2 and B=(2,0) 2<, A (3.5) !
Shaded area, = | [(2— X)— (x2 —4)} dx /
3 7777‘!\'\8 > X
2 2 _ 2
= [ @-x) dx— [ (x? ~4) dx y=x'-4
-3 -3
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UESTENTNER2Y The area bounded by the circle X% + y2 = a2 is :

2 2
ma ma 5

(A) 4 (B) > ©) za D)  27a?

SOLUTION : (C)
X +y = a’? = Y= 4.a2_y2
Equation of semicircle above X-axisisy =+ /32 _ 42
Area of circle = 4 (shaded area)

a
:4I a® —x° dx

A

0 (D

X [ 2 2'c12._1Xa —-a 0 g =X
=4|—- — X" +—sIn " — \J

2 2 a

0

2
=4a—(£)=na2

2\ 2

4.3 Important Results (Contd.....) Y

5. Iff(y) > Oforally ¢ [a, b], then the Area bounded by a curve
x =1 (y), Y-axis and the linesy =aand y = b is given by

b
Area= [ f(y)dy

a

Note : The whole ofthe curve inthe interval [a, b] lies on right of Y-axis.

6. Iff(y)<0forally ¢ [a, b], then the Area bounded by a curve 4
x =T (y), Y-axis and the linesy =a and y = b is given by

b
[Ty

a

Area =

Note: Thewhole of the curve in the interval [a, b] lies on left of Y-axis.
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7.

If the curve crosses Y-axis one or more times in [a, b], then the
area bounded by the curve x =f (y), Y-axis and the linesy = aand
y =D is calculated by considering the portions of the graph lying on
the right side and the left side of the Y-axis separately. To calculate
the area ofthe regions lying onright-hand side of the Y-axis, use result-5
and for the regions lying on left-hand side, use result - 6.

Inthe figure, the curve crosses Y-axisaty =y..

Y1 b
Shaded area is given as follows : A= I FOgdy|+ | T(y)dy
a b1

Integral Calculus - 2

4
—
b

x="f(y)
)ﬁ%

/

Area bounded by two curves, x =f (y) and x = g (y), from right and left respectively, is given by :

b
Shaded area = I[ f (y)—g(y)]dy
a

Note :

The area is bounded from right by x = f (y) and from left by x = g (y).

A

x=g(y) x =f (y)

al-- X« .

@)
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9. Ifthe equations of the curves are expressed in parametric form, then the area bounded can not be found by

direct application of the result 1 to 8.
Let the two curves in parametric formare

x = (t) ()

y=9() . -(ii)

To find the bounded area by curves, try to eliminate parameter t in equations (i) and (ii) to expressy in terms of x
(or xinterms ofy). Ifit is possible to eliminate t, then the required area can be obtained by using the results 1 to

8.

If it is not possible to eliminate t, then the required area can be obtained by using the following formula :

b b

b
Area = jy dx:jy% dt= j g(f'(t)dt wheret andt, aregivenbyf (t)=aandf(t)=Dh.
a

a 4]

I [FEEL el Bel0F The area bounded by the curves x> + y? = 4a? and y? = 3 ax is :

1 4n) »
o ([F5)
SOLUTION : (A)

by solving x? + y? = 4a? and y? = 3ax.

5 \2
[y_] + y2 = 4a°
3a

=
= y*+9a%y?-36a% =0

= (y2 —3a2) (y2 +12a2) =0

= y?=3a? or y? = —12a? (reject)
= y?= 332 = y=+3a

The equation of right half of

X2+y?=4a’is x = /422 — y?

Vaa 2 2 y2
Shaded area = I 4a” -y _51 dy
—J3a
J3a 2
=2 I J4aZ —y? —é]dy
0

[using property - 8]

2 T

(B o (LZ)
(B) 2\/5 3 (C) \/§ 3

The points of intersection A & B can be calculated.

(L;‘_”J 22
(D) 2\/5 3

J3a

J3a
2 y3

=2 N P
3al 3

2
%\/4a2 - y2 +4%sin_1l

2a

0

0

- 3a2+4a25—£3\@a3
3 9a

_ [L +4_nj 22
J3 3
Alternative Method :
shaded area =2 x (area above X-axis)
2 2
x-coordinate of A= Yy _ Si =a
3a 3a

The givencurves area

y=% 3ax and y=xv4a’-x?

The above the X-axis, the equations of the parabola

and the circle are /3ax and y = /4a2 —x2 re-

spectively.
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= Shaded area v

a 2a
=2 .[\/3ax dx + j 4a? —x2 dx] x = y?/3a
0 a

A
2 _\,2 — 42
Solve it yourselfto get the answer. x=y"=da /
Q T
B

UEEEEEIENY The area bounded by the curves : y2=4a (x + a) and y2 = 4b (b - x) is :

2 4 8
A)  —(a+hb)J4ab (B) =(a+b)v4ab (C) —(a+b)V4ab (D) None of these
SOLUTION : (B)

The two curves are :

. Jaab( 2 2

y2=4a (x +a) - () = A=2(a+baab - | |L+L ey
and y?=4b(b-x) ... (i) 0 2b 2a
Solving y*=4a(x+a)andy>=4b (b-Xx) [using property - 8]
simultaneously, — —
we get the coordinates of A and B. —A=2(a+b)+4a —3{4% 4ab + 4abvdab }
Replacing values of x from (ii) and (i), we get : 2 30 3a
2 4
y2=4a[b—i—b+aJ = A:E(a+b)«/4ab
Y
= y:i\/4ab and x=b-a. y2:4b(b—X) y2:4a(x+a)
= A=(b—a aab) and B=(b—a,-4ab) 4
Jaab 2 2 %
[ [b-L=|-L-a||d
shaded area = b 12 Yy =75 P X
—/4ab %4
/ B
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JVSIEN O ERePA The area bounded by the hyperbola : x> — y? = a® and the line x = 2a is :

(A) +3a?-a? Iog(2+\/§) (B)

(C) 3a?-a’log(2-+3) (D)

SOLUTION : (B)
Shaded area =2 x (Area of the portion above
X- axis)
The equation of the curve above x-axis is :

y=vx2—a’

2a
= required area (A) = 2 I Vx? —a? dx
a

2a

= A=2 x+\/x2—a2

2
%\/ x% —a? —a? log

a

= A=2/3a%-a’log|(2a++/3a)|+a%loga
= A=2+3a’-alog (2 +3).

23a%-a’ Iog(2+\/§)
2322 -a? |Og(2—\/§)

Y

/—a o a

Alternative Method :

Area (A) = yf(Za—\/az + y2 ) dy

2a

Z_,
<

yB
J3

. A= fa (2a—~/a2+y2)dy
_J3a

Solve it yourself to confirm.

P ETBRCEY The area bounded by the curves : X2 + y2 = 25, 4y = | 4 — x2| and x = 0 in the first quadrant

IS:

A 2+§sin—1(%j (B)
(C) 1+%Sin_1 (%) (D)

SOLUTION : (A)
First of all find the coordinates of points of intersec
-tion A by solving the equations of two given
curves:
= x*+y?=25 and

242
— X2 +M=25

= (x*—4)*+ 16x* = 400.
= (X*+4)?=400 =

o T

dy=14-x|

X2 =16

2+§sin‘1(i
4 5

1+§sin‘1 4
4 5

14-x%]
4
= Coordinates of point are A= (4, 3)

T [ 7 |4-%%|
Shaded area:I 25—x _T dx
0

= Xx=*x4 = y= 3

4 4
= A= 25—x2dx—5j|4—x2|dx ()
0 4O
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13 17
= == [(4-x*) dx+= [ (x* - 4) d
44 47

= | =4
On substituting the value of I in (i), we get :

4
A=j 25— x2 dx—4
0

Integral Calculus - 2

4

= A= X5 %2 £ Bgin1X | g
2 2 51,

25 . 14 25

. 14
A=6+—sin —4=2+—sin 1z
= 2 2 5

MIVEEEUIOEREEY The area enclosed by the loop in the curve : 4y? = 4x2 - X3 is

32 64
5 ® =
SOLUTION : (C)

The givencurve is: 4y?=4x>—x3

To draw the rough sketch of the given curve, con-

sider the following steps :

() Onreplacingy by -y, there is no change in func-
tion. It means the graph is symmetric about Y-
axis.

(i) Forx=4,y=0andforx=0,y=0.

(i) Inthe given curve, LHS is positive for all values

(A)

ofy.
=  RHS>0 =  xX(1-x/4)>0
= X <4.

Hence the curve lies to the left of x=4.
(M) ASX > — o0,y > £
(v) Points of maximum/minimum

8yd—y:8x—3x2
dx

Self Study Course for IITIEE with Online Support

128 5 26
15 (©) 15

dy
dx
At x =0, derivative is not defined.

= x=0,

w| o

2

d 8
By checking for d_;, X=3 is a point of local
X

maximum (above X-axis).

Fromgraph,

Shaded area (A) =2 x (area of portion above X-
axis)

4 4
= A=2j‘§\/4—x dx = jx\/4—x dx
0 0

4
N A=J‘(4—x)«/4—(4—x) dx
0

[using property - 4]

AT
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4
:>A:I(4—x)x/§dx
0

2
—%—»x A=4|Zxx
0 4 - ‘3

A—% it
= 15 SQ. units.

4 2 4
_‘_Xz\&
. |5

0

1P ienilesielsl The area bounded by the parabola y = x?, X-axis and the tangent to the parabola at (1, 1)

N = B) = o D) =
@ 3 B) 3 © 3 O 3
SOLUTION : (D)
The given curve isy = x% Equation oftangentat A= (1, 1) is:
_dy :
y‘l—&l(:l‘ (x=1) [using 1y -y, =m (x—x,)]
= y-1=2(x-1) = y=2x-1 ()
The point ofintersection of (i) with X-axis is B=(1/2, 0).
Shaded area = area (OACQ) —area (ABC) Y
1 1
= area= Ixzdx— I (2x—-1) dx
0 12 Al 1)
1 1 -X
==|1-=—-(@1-1/2 ol /BC
= area 3[ 2 ( )}
L
= area=g;
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UEEIENTIESEEY The area between the curves y = 2x* — x2, the x-axis and the ordinates of two minima of
the curve is:

7 7 7
240 (B) 120 ©) = (D) None of these

* 60
SOLUTION : (B)

Using the curve tracing steps , draw the rough sketch of the functions y = 2x* — x2.
Following are the properties of the curve which can be used to draw its rough sketch.
() The curve issymmetrical about y-axis.

1
(i) Point of intersection with x-axisarex=0,x =+ ﬁ . Only point of intersection with y-axis isy = 0.

1 1 . . . : : -
(i)  For xe (—oo, - ﬁ} V) (ﬁwj y >0 i.e. curve lies above x axis and in the other intervals it lies

below x-axis.

d
(v) Put d—z(, =0 to get x =+ 1/2 as the points of local minimum.

On plotting the above information on graph, we get the rough sketch of the graph. The shaded area inthe
graph isthe required area

1/2 v
Required Area= 2 j (2x4 - xz)dx . '
0 e |
12 : |
2x° X 7 ; |
=2l —-—| |== o : X
5 3 0 120 —0.5/ 05
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THINGS TO REMEMBER

1.

2.

b
The relationship between the definite integral I f(x)dx and the indefinite integral F (x) is :

a

b
If(x)dx=F(b)—F(a)
a

Properties in Definite Integral

PROPERTY-1: PROPERTY-2:
b c b b a
[ £00dx=[ £ (x) dx+ [ £(x) dx [f g dx=—]f(x)dx
a a c a b
PROPERTY-3:
b b
[ o) dx=[f(t)dt
a a
PROPERTY -4 PROPERTY -5
a a 2a a a
[ £ (9dx=[ f(a—x) dx [ £00 dx= f(x)dx+ [ f(2a-x)dx
0 0 0 0 0
PROPERTY -6
2a 2a a
[ f00dx=0 if @a-0=-1() ; [ T00dx =2[ f(x)dxif f(2a-x)=f(x)
0 0 0
PROPERTY-7:

b b
[fO)dx=[f (a+b-x)dx
a

a

PROPERTY -8:
a

a
[ o0 dx=[[f )+ f (-x)] dx
0

—a

a
= ZI f (x)dx if f(x)iseven ie. f(-x)=f(x)
0

=0 if f(x)isodd ie f(-x)=-1(x)
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PROPERTY -9:
nT T
I f(x)dx=n _[ F(x)dx \wheref (x) is a periodic function with period T and n is an integer.
0 0
PROPERTY -10:
0 n a a
[T dx=lim [ f(x)dx . [ fogdx=1lim [ f(x)dx
n— o ’ n— —oo
0 0 —co n
o0 0 0 0 b
J foodx=[ fe0dx+[fOdx = tim [f(dx+ lim [f(x)dx
o e 0 a— -0y b—>ooo

PROPERTY-11:

b
[ 100 dx
a

b
<[ ]f09]dx.
a

PROPERTY -12:
If the function f (x) and g (x) are defined on [a, b] and differentiable at all points x.

9(x)
elf(@,9®)] then %{jh(t)dt]=h[g(x)]g'(x)—h[f(x)]f'(x)
f (x)
PROPERTY -13:

b b

I f>g() foral xe[ab], ten | TOOdx=[g(x)dx
a a

Put g (x) =0for all x € [a, b] in above property to get another useful property; i.e.
b

f f(x)>0 forall xe[ab], then | f00dx=0
a

3. The definite integral of a function f (x) in the interval [a, b] can be defined as :
b
jf(x)dx: lim h[f(a+h)+f(@+2h)+.....+ f (a+nh)]
n— oo where nh=b -a.
a
h—0
n
= lim h f (a+rh
n— o Z:l ( ) where nh=b -a.
h—0
4. Estimation of a Definite Integral
Iff (x) is a function defined in the interval [a, b] then :
b
m (b=a) < [f0)dx<M(b-a)
a

where mis the least and M is the greatest value of the function f (x) in the interval [a, b].
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Mean value theorem of definite Integrals

Vidyamandir Classes

If the function f (x) is continuous in the interval [a, b], then:

b

jf(x) dx = f(c) (b-a),

a

Two useful Formulae

wherea<c<h.

() If n be a positive integer, then :
/2 /2
jsin“xdx= j cos"x dx
0 0
~n-1n-3 n-5 31lmn henni
o Sy R 122 whennis even
_nh-1n-3n-5 42, hen nis odd
e e ERE T whenniso
/2 /2
(ii) jsinmxcos”xdx= I sin"xcos™ dx
0 0
~(m-1).(m-3)........ (@or2)(n-1).(n=3).......... @or2) m
(m+n).(M+n=2)......... (Lor 2) 2’
when both mand n ¢ even integer
~(m-1).(m-3)........ (Qor2)(n-1).(n=3).......... (lor2)
(m+n).(M+n=2)......... (Lor 2) ’
when both mand n ¢ even integer.
7. Curve tracing

Inorder to find the area bounded by several curves, sometimes it is necessary to have an idea of the rough
sketches of these curves. To find the approximate shape of a curve represented by the cartesian equation,
the following steps are very useful.
1. Symmetry

(@ If curve remains unaltered on replacing x by — X, then it is symmetrical about y-axis.

(b) If curve remains unaltered on replacing y by—y, then it is symmetrical about x-axis.
2. Intersection with axes

(@ To find points of intersection of the curve with x-axis, replace y = 0 in the equation of the
curve and get corresponding values of x.
(b) To find points of intersection of the curve with y-axis, replace x = 0 in the equation of the

curve and get corresponding values ofy.

40 Things to Remember
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&

The regions where curves does not exist
(@ Find those values of x for which corresponding values of y do not exist.
(b) Find intervals where f (x) is positive.

Asymptotes
(@ Observe where y approaches as x approaches + o .
(b) If necessary, observe where x approaches as y approaches + «.

Find points of local maximum and local minimum
Put f'(x) =0 and find points of local maximum and minimum.

Important Results

Iff (x) >0 for all x e [a, b], then Area bounded by the 1
curvey =f (x), X-axis and the linesx=aand x=bis
given by

b
A= [ f(x)dx
a

o)
Note : The whole of the curve in the internal [a, b] lies above X-axis.
Y
A
. Iff (x) <0 forall xe [a, b], then Area bounded 5
by a curve y = f (x). X-axis and the lines x = a and
X=Dhisgiven by:
b
Area= ,[ f(x) dx
a

Note : The whole of the curve in the interval [a, b] lies below X-axis.

If the curve crosses X-axis one or more times in [a, b], then the area bounded by the curve y = f
(x), X-axis and the lines x =a and x = b is calculated by considering the portions of the graph lying
above X-axis and below X-axis separately. To calculate the area of the regions lying above X-axis,
use result-1 and for the regions lying below X-axis, use result-2.

Inthe figure, the curve crosses X-axis at X =X, X,, X..

Shaded area is given as follows :
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A= [ fx)dx+| [ FOOdx|+ [ FodH] [ f (0 R/ CRR///IN X
a X1 X2 X3 E W %

4. Areabounded by two curves, y =f (x) and y = g (x), from above and below is given by :

b
shaded area = I[f (X)—g(x)] dx
a
Y Y
C oY=t Loy=fe)
Y=g | S 5—X
o) a b X W

y=9g(x)

5. Iff(y) > Oforally ¢ [a, b], then the Area bounded by a curve x = f (y), Y-axis and the lines
y=aandy = bis given by

b
Area = _[ f (y) dy

a

Note : The whole of the curve in the interval [a, b] lies on right of Y-axis.

6. Iff(y)<0forally e [a, b], then the Area bounded by a
curve x = f (y), Y-axis and the linesy = aand y = b is given by

b
[ty

a

Area =

Note : The whole of the curve in the interval [a, b] lies on left of Y-
axis.
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7. If the curve crosses Y-axis one or more times in [a, b], thenthe
area bounded by the curve x =f (y), Y-axis and the linesy = a and
y = bis calculated by considering the portions of the graph lying on
the right side and the left side of the Y-axis separately. To calculate
the area ofthe regions lying onright-hand side of the Y-axis, use result-5
and for the regions lying on left-hand side, use result - 6.
Inthe figure, the curve crosses Y-axisaty =y..
Shaded area is given as follows :

1 b
A= ] foody|+ [ f(y)dy
a 1

Integral Calculus - 2

b x=f(y)

Y1

8. Area bounded by two curves, x =f (y) and x = g (y), from right and left respectively, is given by :

b
Shaded area = I[ f(y)-g(y)]dy

a

Note : The area is bounded from right by x = f (y) and from left by x = g (y).

x=g(y)
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ANSWERS TO IN-CHAPTER EXERCISES - A

4 1 2
1. InZ 2. Z(4V2-1) 3.1 4 - 6 90
A 3 3 4 16

" n 162 o B L 18 a0

N 5 . (i) 56 (i) 560 (i) 315" . Discontinuity at x = 0.

SOLUTIONS - IN-CHAPTER EXERCISE-A
3exax "3 +eX) L3 g
<= ) ———x dx=In|l+e =Ih -

nolte n2 l+e In2 3

2 1 2 3| ) 2

[ Fooax = [xPdx, [Vade = | 4 SxlX| = 2 (ay2-1)

3 3 13 '
0 0 1 0
1 2
= [PIx-1]dx = [-@-x)d Zld—x_ﬁ ﬁ‘x—
I—IO|X—|X_IO(—X)X+I1(X—)x_ 2 O+ 2 1—1.
cot[n—xj
n2  +Jootx __ Neotx 4 I:/Z 2 J- n/2 Jtan x
I = X =
Jo Totxsvamn \/cot(z—xj+\/tan[g—x) Janx + Voot x
On adding, 2I—j dx = ==
4

=[xt 6N dx= (=) f (sin(x-x)dk=r [ (sinx)dx |

=2 =n[ f(sinx dx= 1= gjof (sinx) dx.

Vidyamandir Classes

P i U

I=J0 =
cos4 (n—xj+sin4 (R—XJ x
2 2

n/2 €OS X Sin X dx
= I= .[

=70 sin? x + cos? x

v O

E—x COoS X Sin X
n/2(2 j

0 sin?x+cos?x

- dx

n/2 €OoS X Sin X dx

-1 :>2|=§.|.o . 4 4

SIn " X+ COS ™ X
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10.

n/2 tan X sec2 X dx

l=— — 2 - lettan®x =t 2 tan x sec?® x dx = dt
= 270 1+ tan® x et ta = 2tanxsec’xdx=d
o dt © 2
= IZEJ‘O 2 :E tan_lt‘ :E r :TC_
8"V 1+t 8 0 8|2 16
J-n (m—x) dx n dx
1=J0 22052 x +b2sin?x =™ 70 a2cos2x + b2 sinx !
T on dx /2 dx J'°° dt
= I == =7 =)o .2, 2,2 (tanx=1)
290 32052 x + b2 sin? x I a2 cos? x + b2 sin? x a®+bt
:ET — tan™ E = l[E:| = _752
b% 5 (a abl2]  2ab

b

b
LHs.:jaf(x)dx Putx=(b-a)t+a=dx=(b—a)dt
1 1
= LHS.=[ f(b-a)t+a)(b-a)dt = (h-a) [ F((b-2a)t+a)
= (b-a) .[o (b—a)x+a) dx.=RHS. Hence proved.

2
Misprinting find the sum of the integrals I X+ 5)? dx +3 j ed(x=213)% 4y

1/3
y 2 2
= | = J.e(X+5) dX+ J‘e(3X—2) dX.
-4 1/3
Replace x+5=t inthefirst Integral & 3x— 2 =t in the second integral.
0 > 0
— |:jetdt+jetdt
1 -1
Inthe second integral, lett=-z = dt =-dz.
0 +2 0,2
= 1= .[1 el dt — .[1 e’ dz = 0= Sumof the given integrals = 0.
V2 07 1068 - 13 4 x f 3ax® —12x% +1
—\/E X2+2 dX+_\/§ X2+2 dx
\/§3x2(x4—4) 2 V2 2 2 2
_ et SR - 3x° (x° -2)
+ + +
0 20 X2 +2 '([ 242 0 2'([ o 2'([x2+2
T 16V2

:2\/5_
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1 : n/2 q -1 53 1 n_ 1057 35n
0 S'”Xx‘s 64 2 27 8x9 ~ 256
B w2 g (8-6-4.2)6-4.2
(i) jo sin “x cos” x dx = 16.141210.8-6 4.2 °
w2 9-1 6 4 2 _ 128
d = . — . = . = . :_.
(i) .[o cos” X dx 9 75 3 1 315

12.  f(x)=,/3+ x3 isaninc. functionin[1, 3].
= m=f(l)=2.andM=f(3)= /30.b-a=3-1=2

= m(b—a)éj:f(X)dXSM(b—a): 2(2)gj13 3+x%dx < (/30)(2)

3
=  4<5 jl J3+x3 dx<2 /30. Hence Proved

lim h lim
13. () J': de—ﬂ—mo h Z e T _ = now h[e CHEN- LS L +e”h)J
lim 1—e" lim h lim lim
=n-—> ah gh = N> n .. nN—> h ga n—> nh _
Do BN T T30 e nse & h3g ¢
=11e*(e?-1) (--nh=b-a)
=eP—e?
b . n .
. lim . lim
) IS|nxdx:hL>oh ZSIn(a-i-l’h):hl_)oh
a n —oo r=1 n —oo
[sin(a+h) +sin (a+2h) +......... +sin (a+nh)]
. nh
. sin — h/2
lim 2 (@+h+a+nh) _ lim — lim b-a . (h+b+a)
=h=>0h . h sin =h->0 g 2h—>0 sin sin
n—>ow  Sin— 2 n— oo 5 N—ow® 2 2
. b-a _ b+a
=1.2sin sin =cosa-—cosh.
2 2
2 dx 1 1( X 2 1 T
= =|=tan| = == -1 - 1_J:_ :
4. 1 I‘2x2+4 {2 (zﬂ_z Z[tan () —tan” (-1) 4Alternat|vely,
-1
Putx = - =dx= "7 dt
R L P
=— =_|—tan t
=24, 27 t? (4+t7) U242 41 [2 ( )}_1,2
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1 1, _
=-3 tan (1) - (—Etan 1(—1)) = %

1
The second method is wrong because the substitution x = 1 is discontinuous at t = 0. Hence substitution

1.
x=1 iswrong.
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